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Approximate Solutions of Fuzzy
Fractional Differential Equations
Atimad Harir, Said Melliani and Lalla Saadia Chadli
Abstract
In this paper, the Cauchy problem of fuzzy fractional differential equations
Tγu tð Þ ¼ F t, u tð Þð Þ,  u t0ð Þ ¼ u0, (1)
with fuzzy conformable fractional derivative (γ-differentiability, where
γ ∈ 0, 1ð Þ are introduced. We study the existence and uniqueness of solutions and
approximate solutions for the fuzzy-valued mappings of a real variable, we prove
some results by applying the embedding theorem, and the properties of the fuzzy
solution are investigated and developed. Also, we show the relation between a
solution and its approximate solutions to the fuzzy fractional differential equations
of order γ.
Keywords: fuzzy conformable fractional derivative, fuzzy fractional differential
equations, existence and uniqueness of solution, approximate solutions, Cauchy
problem of fuzzy fractional differential equations
1. Introduction
In this paper, we will study Fuzzy solutions to
Tγu tð Þ ¼ F t, u tð Þð Þ, u t0ð Þ ¼ u0, γ ∈ 0, 1ð , (2)
where subject to initial condition u0 for fuzzy numbers, by the use of the
concept of conformable fractional H-differentiability, we study the Cauchy prob-
lem of fuzzy fractional differential equations for the fuzzy valued mappings of a
real variable. Several import-extant results are obtained by applying the embedding
theorem in [1] which is a generalization of the classical embedding results [2, 3].
In Section 2 we recall some basic results on fuzzy number. In Section 3 we
introduce some basic results on the conformable fractional differentiability [4, 5]
and conformable integrability [5, 6] for the fuzzy set-valued mapping in [7]. In
Section 4 we show the relation between a solution and its approximate solution to
the Cauchy problem of the fuzzy fractional differential equation, and furthermore,
and we prove the existence and uniqueness theorem for a solution to the Cauchy
problem of the fuzzy fractional differential equation.
1
2. Preliminaries
We now recall some definitions needed in throughout the paper. Let us denote
by RF the class of fuzzy subsets of the real axis u : R ! 0, 1½ f g satisfying the
following properties:
i. u is normal: there exists x0 ∈R with u x0ð Þ ¼ 1,
ii. u is convex fuzzy set: for all x, t∈R and 0< λ≤ 1, it holds that
u λxþ 1 λð Þtð Þ≥ min u xð Þ, u tð Þf g, (3)
iii. u is upper semicontinuous: for any x0 ∈R, it holds that
u x0ð Þ≥ limx!x0
u xð Þ, (4)
iv. u½ 0 ¼ cl x∈Rju xð Þ>0f g is compact.
Then RF is called the space of fuzzy numbers see [8]. Obviously, R⊂RF . If u is a
fuzzy set, we define u½ α ¼ x∈Rju xð Þ≥ αf g the α-level (cut) sets of u, with 0< α≤ 1.
Also, if u∈RF then α-cut of u denoted by u½ 





Lemma 1 see [9] Let u, v : RF ! 0, 1½  be the fuzzy sets. Then u ¼ v if and only if
u½ α ¼ v½ α for all α∈ 0, 1½ :
For u, v∈RF and λ∈R the sum uþ v and the product λu are defined by




















∀α∈ 0, 1½ . Additionally if we denote 0̂ ¼ χ 0f g, then 0̂∈RF is a neutral element
with respert to þ:
Let d : RF  RF ! Rþ ∪ 0f g by the following equation:
d u, vð Þ ¼ sup
α∈ 0, 1½ 
dH u½ 
α, v½ αð Þ, forall u, v∈RF , (7)
where dH is the Hausdorff metric defined as:
dH u½ 









The following properties are well-known see [10]:
d uþ w, vþwð Þ ¼ d u, vð Þ and d u, vð Þ ¼ d v, uð Þ, ∀ u, v,w∈RF , (9)
d ku, kvð Þ ¼ ∣k∣d u, vð Þ, ∀k∈R, u, v∈RF (10)
d uþ v,wþ eð Þ≤ d u,wð Þ þ d v, eð Þ, ∀ u, v,w, e∈RF , (11)
and RF , dð Þ is a complete metric space.
Definition 1 The mapping u : 0, a½  ! RF for some interval 0, a½  is called a
fuzzy process. Therefore, its α-level set can be written as follows:




, t∈ 0, a½ , α∈ 0, 1½ : (12)
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Theorem 1.1 [11] Let u : 0, a½  ! RF be Seikkala differentiable and denote




. Then, the boundary function uα1 tð Þ and u
α
2 tð Þ are differentiable
and








, α∈ 0, 1½ : (13)
Definition 2 [12] Let u : 0, a½  ! RF . The fuzzy integral, denoted by
Ð c














for all 0≤ α≤ 1. In [12], if u : 0, a½  ! RF is continuous, it is fuzzy integrable.
Theorem 1.2 [13] If u∈RF , then the following properties hold:
i. u½ α2 ⊂ u½ α1 , if 0≤ α1 ≤ α2 ≤ 1; (15)
ii. αkf g⊂ 0, 1½  is a nondecreasing sequence which converges to α then
u½ α ¼ ⋂
k≥ 1
u½ αk : (16)




; α∈ 0, 1ð g is a family of closed real intervals
verifying ið Þ and iið Þ, then Aαf g defined a fuzzy number u∈RF such that u½ 
α ¼ Aα:
From [1], we have the following theorems:
Theorem 1.3 There exists a real Banach space X such that F can be the embedding
as a convex cone C with vertex 0 into X. Furthermore, the following conditions hold:
i. the embedding j is isometric,
ii. addition in X induces addition in F , i.e, for any u, v∈F ,
iii. multiplication by a nonnegative real number in X induces the
corresponding operation in F , i.e., for any u∈F ,
iv. C-C is dense in X,
v. C is closed.
3. Fuzzy conformable fractional differentiability and integral
Definition 3 [4] Let F : 0, að Þ ! F be a fuzzy function. γth order “fuzzy
conformable fractional derivative” of F is defined by
Tγ Fð Þ tð Þ ¼ lim
ε!0þ




F tð Þ⊖ F t εt1γð Þ
ε
: (17)
for all t>0, γ ∈ 0, 1ð Þ. Let F γð Þ tð Þ stands for Tγ Fð Þ tð Þ. Hence
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F γð Þ tð Þ ¼ lim
ε!0þ




F tð Þ⊖ F t εt1γð Þ
ε
: (18)
If F is γ- differentiable in some 0, að Þ, and lim t!0þF
γð Þ tð Þ exists, then
F γð Þ 0ð Þ ¼ lim
t!0þ
F γð Þ tð Þ (19)
and the limits (in the metric d).
Remark 1 From the definition, it directly follows that if F is γ-differentiable then the
multivalued mapping Fα is γ-differentiable for all α∈ 0, 1½  and
TγFα ¼ F
γð Þ tð Þ
h iα
, (20)
where TγFα is denoted from the conformable fractional derivative of Fα of order
γ. The converse result does not hold, since the existence of Hukuhara difference
u½ α ⊖ v½ α, α∈ 0, 1½  does not imply the existence of H-difference u⊖ v:
Theorem 1.4 [4] Let γ ∈ 0, 1ð .
If F is differentiable and F is γ-differentiable then
TγF tð Þ ¼ t
1γF0 tð Þ (21)
Theorem 1.5 [5, 14] If F : 0, að Þ ! F is γ-differentiable then it is continuous.
Remark 2 If F : 0, að Þ ! F is γ-differentiable and F
γð Þ for all γ ∈ 0, 1ð  is
continuous, then we denote F∈C1 0, að Þ,Fð Þ.
Theorem 1.6 [5, 14] Let γ ∈ 0, 1ð  and if F,G : 0, að Þ ! F are γ-differentiable
and λ∈ then
Tγ F þ Gð Þ tð Þ ¼ Tγ Fð Þ tð Þ þ Tγ Gð Þ tð Þ and Tγ λFð Þ tð Þ ¼ λTγ Fð Þ tð Þ: (22)
Definition 4 [5] Let F∈C 0, að Þ, Fð Þ∩L
1 0, að Þ, Fð Þ, Define the fuzzy
fractional.
integral for a≥0 and γ ∈ 0, 1ð :











where the integral is the usual Riemann improper integral.
Theorem 1.7 [5] TγI
a
γ Fð Þ tð Þ, for t≥ a, where F is any continuous function in the
domain of Iaγ .
Theorem 1.8 [5] Let γ ∈ 0, 1ð  and F be γ-differentiable in 0, að Þ and assume
that the conformable derivative F γð Þ is integrable over 0, að Þ. Then for each s∈ 0, að Þ
we have
F sð Þ ¼ F að Þ þ IaγF
γð Þ tð Þ (24)
4. Existence and uniqueness solution to fuzzy fractional differential
equations
In this section we state the main results of the paper, i.e. we will concern
ourselves with the question of the existence theorem of approximate solutions by
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using the embedding results on fuzzy number space F , dð Þ and we prove the
uniqueness theorem of solution for the Cauchy problem of fuzzy fractional
differential equations of order γ ∈ 0, 1ð .
4.1 Solution and its approximate solutions
Assume that F : 0, að Þ  F ! F is continuous C 0, að Þ  Fð Þ,Fð Þ. Consider
the fractional initial value problem
Tγ uð Þ tð Þ ¼ F t, u tð Þð Þ, u t0ð Þ ¼ u0, (25)
where u0 ∈F and γ ∈ 0, 1ð :
From Theorems (1.5), (1.7) and (1.8), it immediately follows:
Theorem 1.9 A mapping u : 0, að Þ ! F is a solution to the problem (25) if and
only if it is continuous and satisfies the integral equation
u tð Þ ¼ u0 þ
ðt
t0
sγ1F s, u sð Þð Þds (26)
for all t∈ 0, að Þ and γ ∈ 0, 1ð :
In the following we give the relation between a solution and its approximate
solutions.
We denote Δ0 ¼ t0, t0 þ θ½   B u0, μð Þ where θ, μ be two positive real numbers
u0 ∈F , B u0, μð Þ ¼ x∈F jd u, u0ð Þ≤ μf g:
Theorem 1.10 Let γ ∈ 0, 1ð  and F∈C Δ0,Fð Þ, η∈ 0, θð Þ,
un ∈C
1 t0, t0 þ η½ , B u0, μÞð Þð such that
ju γð Þn tð Þ ¼ jF t, un tð Þð Þ þ Bn tð Þ, un t0ð Þ ¼ u0, ∥Bn tð Þ∥≤ εn (27)
∀t∈ t0, t0 þ η½ , n ¼ 1, 2,…:
where εn >0, εn ! 0, Bn tð Þ∈C t0, t0 þ η½ ,Xð Þ, and j s the isometric embedding
from F , dð Þ onto its range in the Banach space X. For each t∈ t0, t0 þ η½  there
exists an β>0 such that the H-differences un tþ εt1γð Þ⊖ un tð Þ and
un tð Þ⊖ un t εt1γð Þ exist for all 0≤ ε< β and n ¼ 1, 2,…: If we have
d un tð Þ, u tð Þð Þ ! 0 (28)
uniform convergence (u.c) for all t∈ t0, t0 þ η½ , n ! ∞, then
u∈C1 t0, t0 þ η½ ,B u0, μÞð Þð and
Tγ u tð Þð Þ ¼ F t, u tð Þð Þ, u t0ð Þ ¼ u0, t∈ t0, t0 þ η½ : (29)
Proof: By (28) we know that u tð Þ∈C t0, t0 þ η½ ,B u0, μÞð Þð . For fixed
t1 ∈ t0, t0 þ η½  and any t∈ t0, t0 þ η½ , t> t1, denote ε ¼ ht
γ1
1 and ∀ γ ∈ 0, 1ð 
G t, nð Þ ¼





 jun t1ð Þ
ε
 jF t1, un t1ð Þð Þ  Bn t1ð Þ: (30)
¼
jun t1 þ hð Þ  jun t1ð Þ
htγ11
 jF t1, un t1ð Þð Þ  Bn t1ð Þ: (31)
¼ t1γ1
jun tð Þ  jun t1ð Þ
t t1
 jF t1, un t1ð Þð Þ  Bn t1ð Þ: (32)
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It is well know that
lim
t!t1
G t, nð Þ ¼ j unð Þ
γð Þ t1ð Þ  jF t1, un t1ð Þð Þ  Bn t1ð Þ (33)
¼ j unð Þ
γð Þ t1ð Þ  jF t1, un t1ð Þð Þ  Bn t1ð Þ ¼ Θ∈X (34)
lim
n!∞
G t, nð Þ ¼ t1γ1
ju tð Þ  ju t1ð Þ
t t1
 jF t1, u t1ð Þð Þ (35)
From F∈C1 Δ0,Fð Þ, is know that for any ε>0, there exists β1 >0 such that




whenever t1 < t< t1 þ β1 and d v, u t1ð Þð Þ< β1 with v∈B u0, μð Þ Take natural




, d un tð Þ, u tð Þð Þ<
β1
2
for any n>N, t∈ t0, t0 þ η½  (37)
Take β>0 such that β< β1 and




whenever t1 < t< t1 þ β:
By the definition of G t, nð Þ and (27), we have ∀γ ∈ 0, 1ð 





 jun t1ð Þ  εð Þj unð Þ
γð Þ t1ð Þ ¼ εð ÞjF t1, un t1ð Þð Þ (39)
t1γ1 jun tð Þ  jun t1ð Þ
 
 t t1ð Þt
1γ
1 j unð Þ
0 t1ð Þ ¼ t t1ð ÞjF t1, un t1ð Þð Þ (40)
We choose ψ ∈X ∗ such that ∥ψ∥ ¼ 1 and for all γ ∈ 0, 1ð 
ψ t1γ1 jun tð Þ  jun t1ð Þ
 
 t t1ð Þt
1γ





¼ ∥t1γ1 jun tð Þ  jun t1ð Þ
 
 t t1ð Þt
1γ
1 j unð Þ
0 t1ð Þ∥ (42)
Let t1γ1 φ tð Þ ¼ t
1γ
1 ψ jun tð Þ
 
 t t1ð Þt
1γ
1 j unð Þ
0 t1ð Þ, consequently
t1γ1 φ




 t1γ1 j unð Þ
0 t1ð Þ (43)
hence
∥t1γ1 jun tð Þ  jun t1ð Þ
 
 t t1ð Þt
1γ
1 j unð Þ
0 t1ð Þ∥ (44)
¼ t1γ1 φ tð Þ  φ t1ð Þð Þ ¼ t
1γ
1 φ
0 t̂ð Þ t t1ð Þ (45)
¼ ψ t1γ1 ju
0






t t1ð Þ (46)
≤∥ψ∥∥t1γ1 ju
0




∥ t t1ð Þ (47)
¼ ∥t1γ1 ju
0




∥ t t1ð Þ, (48)
where t1 ≤ t̂≤ t: In view of (40), we have
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∥G t, nð Þ∥≤∥t1γ1 ju
0




∥, t1 ≤ t̂≤ t: (49)
From (37) and (38) we know that













Hence by (36) and (49) we have for all γ ∈ 0, 1ð :
∥G t, nð Þ∥≤∥t1γ1 ju
0





¼ ∥jF t̂, un t̂ð Þð Þ þ Bn t̂ð Þ  jF t1, un t1ð Þð Þ  Bn t1ð Þ∥ (54)
≤∥jF t̂, un t̂ð Þð Þ  jF t1, u t1ð Þð Þ∥ (55)
þ∥jF t1, u t1ð Þð Þ  jF t1, un t1ð Þð Þ∥þ 2εn (56)
≤ d jF t̂, un t̂ð ÞÞ  jF t1, u t1ð ÞÞð Þðð (57)







þ 2εn < ε (59)
whenever n>N and t1 < t< t1 þ β:
Let n ! ∞, and applying (35), we have
∥t1γ1
ju tð Þ  ju t1ð Þ
t t1
 jF t1, u t1ð Þð Þ∥≤ ε, t1 < t< t1 þ β: (60)
On the other hand, from the assumption of Theorem (1.9), there exists an
β t1ð Þ∈ 0, βð Þ such that the H-differences un tð Þ⊖ un t1ð Þ exist for all t∈ t1, t1 þ β t1ð Þ½ 
and n ¼ 1, 2,…:
Now let vn tð Þ ¼ un tð Þ⊖ un t1ð Þ we verify that the fuzzy number-valued sequence
vn tð Þf g uniformly converges on t1, t1 þ β t1ð Þ½ . In fact, from the assumption
d un tð Þ, u tð Þð Þ ! 0 u.c. for all t∈ t0, t0 þ η½ , we know
d vn tð Þ, vm tð Þð Þ ¼ d vn tð Þ þ un t1ð Þ, vm tð Þ þ un t1ð Þð Þ (61)
≤ d un tð Þ, um tð Þð Þ þ d um tð Þ, vm tð Þ þ un t1ð Þð Þ (62)
¼ d un tð Þ, um tð Þð Þ þ d vm tð Þ þ um t1ð Þ, vm tð Þ þ un t1ð Þð Þ (63)
¼ d un tð Þ, um tð Þð Þ þ d um t1ð Þ, un t1ð Þð Þ (64)
! u:c ∀t∈ t1, t1 þ β t1ð Þ½  n,m ! ∞: (65)
Since F , dð Þ is complete, there exists a fuzzy number-valued mapping v tð Þ such
that vn tð Þf g u.c to v tð Þ on t1, t1 þ β t1ð Þ½  as n ! ∞:
In addition, we have
d u t1ð Þ þ v tð Þ, u tð Þð Þ≤ d u t1ð Þ þ v tð Þ, un t1 þ vn t1ð Þð Þ þ d un t1 þ vn tð Þ, u tð Þð Þðð (66)
≤ d u t1ð Þ þ v tð Þ, u t1ð Þ þ vn tð Þð Þ (67)
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þ d u t1ð Þ þ vn tð Þ, un t1ð Þ þ vn tð Þð Þ þ d un tð Þ, u tð Þð Þ (68)
¼ d vn tð Þ, u tð Þð Þ þ d un t1ð Þ, u t1ð Þð Þ þ d un tð Þ, u tð Þð Þ (69)
∀t∈ t1, t1 þ β t1ð Þ½ :
Let n ! ∞: It follows that
u t1ð Þ þ v tð Þ  u tð Þ forall t∈ t1, t1 þ β t1ð Þ½ : (70)
Hence the H-difference u tð Þ⊖ u t1ð Þ exist for all t∈ t1, t1 þ β t1ð Þ½ :
Thus from (60) we have for all γ ∈ 0, 1ð :
d





⊖ u t1ð Þ
ε




A≤ ε, t∈ t1, t1 þ β t1ð Þ½ : (71)





⊖ u t1ð Þ=ε ¼ F t1, u t1ð Þð Þ: Similarty, we have
lim
ε!0





⊖ u t1ð Þ
ε
¼ F t1, u t1ð Þð Þ:
Hence u γð Þ t1ð Þ exists and
u γð Þ t1ð Þ ¼ F t1, u t1ð Þð Þ: (72)
from t1 ∈ t0, t0 þ η½  is arbitrary, we know that Eq. (29) holds true and
u∈C1 t0, t0 þ η½ ,B u0, μÞð Þ:ð The proof is concluded.
Lemma 2 For all t∈ t0, t0 þ η½ , n ¼ 1, 2,… and γ ∈ 0, 1ð :
If we replace Eq. (27) by
junþ1 tð Þ ¼ jF t, un tð Þð Þ þ Bn tð Þ, un t0ð Þ ¼ u0, ∥Bn tð Þ∥≤ εn, (73)
retain other assumptions, then the conclusions also hold true.
Proof: This is completely similar to the proof of Theorem (1.10), hence itis
omitted here.
4.2 Uniqueness solution
In this section, by using existence theorom of approximate solutions, and the
embedding results on fuzzynumber space F , dð Þ,we give the existence anduniqueness
theorem for the Cauchy problemof the fuzzy fractional differential equations of order γ:
Theorem 1.11
i. Let F∈C Δ0,Fð Þ and d F t, uð Þ, 0̂
 
≤ σ for all t, uð Þ∈Δ0:
ii. G∈C t0, t0 þ θ½   0, μ,½ Þ,ð G t, 0ð Þ  0, and 0≤G t, yð Þ≤ σ1, for all
t∈ t0, t0 þ θ½ , 0≤ y≤ μ such that G t, yð Þ is noncreasing on y the fractional
initial value problem
Tγy tð Þ ¼ G t, y tð Þð Þ, y t0ð Þ ¼ 0 (74)
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has only the solution y tð Þ  0 on t0, t0 þ θ½ .
iii. d F t, uð Þ, F t, vÞð Þ≤G t, d u, vð Þð Þð for all t, uð Þ, t, vð Þ∈Δ0, and d u, vð Þ≤ μ:
Then the Cauchy problem (29) has unique solution u∈C1 t0, t0 þ η½ ,B u0, μÞð Þð
on t0, t0 þ η½ , where η ¼ min θ, μ=σ, μ=σ1f g, and the successive iterations
unþ1 tð Þ ¼ u0 þ
ðt
t0
sγ1F s, un sð Þð Þds (75)
uniformly converge to u tð Þ on t0, t0 þ η½ :
Proof: In the proof of Theorem 4.1 in [15], taking the conformable derivative u γð Þ
for all γ ∈ 0, 1ð , using theorem (1.4) and properties (10), then we obtain the proof
of Theorem (1.11).
Example 1 Let L>0 is a constant, takingG t, yð Þ ¼ Ly in the proof of Theorem (4.2),
then obtain the proof of Corollary 4.1 in [15]where σ1 ¼ Lμ, hence η ¼
min θ, μ=σ, 1=Lf g. Then the Cauchy problem (29) has unique solution
u∈C1 t0, t0 þ η½ ,B Δ0, μÞð Þð , and the successive iterations (75) uniformly converge to
u tð Þ on t0, t0 þ η½ :
5. Conclusion
In this work, we introduce the concept of conformable differentiability for fuzzy
mappings, enlarging the class of γ-differentiable fuzzy mappings where γ ∈ 0, 1ð .
Subsequently, by using the γ-differentiable and embedding theorem, we study the
Cauchy problem of fuzzy fractional differential equations for the fuzzy valued
mappings of a real variable. The advantage of the γ-differentiability being also
practically applicable, and we can calculate by this derivative the product of two
functions because all fractional derivatives do not satisfy see [4].
On the other hand, we show and prove the relation between a solution and its
approximate solutions to the Cauchy problem of the fuzzy fractional differential
equation, and the existence and uniqueness theorem for a solution to the problem
(2) are proved.
For further research, we propose to extend the results of the present paper and
to combine them the results in citeref for fuzzy conformable fractional differential
equations.
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